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In the limit of strong repulsion, one-dimensional atomic mixtures of fermions realize an effective
spin chain, and are thus a clean and controllable platform for the study of quantum magnetism or
in the context of quantum computation. In this Letter, we interpret this model in terms of spectral
graph theory. This well-studied mathematical framework allows us to completely characterize the
symmetry properties of the system and to develop a powerful method to compute the Tan contacts
associated with certain symmetry classes. In particular, compared to brute force diagonalization,
our technique enables us to obtain much more efficiently the energy gap of complex spin mixtures,
which is of central importance for the design of adiabatic control of correlated quantum systems.
From quantum magnetism to the highly debated high-
temperature superconductivity, many spectacular phe-
nomena observed in condensed matter physics emerge
from strong correlations among the particles [1, 2]. Un-
fortunately, except for a few cases [3], strongly correlated
systems are notoriously computationally hard to study
since the size of their Hilbert space grows exponentially
with the number N of particles, restricting exact diag-
onalization methods to few particles. In fact, unifying
these systems under a common theoretical framework is
one of the major challenges of theoretical physics. On the
other hand, remarkable experimental progress has been
achieved in the field of ultracold atom physics, allowing
one to simulate strongly correlated Hamiltonians with a
high degree of precision and tunability [4, 5]. Notably,
experimentalists are able to realize strongly interacting
one-dimensional (1D) systems [6], and to use fermionic
atoms with a purely nuclear spin such as 173Yb or 87Sr
in order to generate 1D SU(κ) mixtures with a control-
lable number κ of components [17–20]. These versatile
platforms are then promising candidates for the study of
quantum magnetism. Indeed, it can be shown that, in
the limit of strong repulsion, the system can be mapped
onto an effective spin chain that reduces to the paradig-
matic Heisenberg model when κ = 2, where the nearest-
neighbour interaction constants can be tuned with the
confining potential [11–14]. Besides, these systems can
be used to realize a quantum state transfer [15] or a
spin transistor [16]. This mapping has been followed by
many further theoretical investigations on strongly repul-
sive 1D fermionic mixtures [14, 15, 17–20, 23]. However,
although it allows one to reduce the problem to a sim-
ple matrix diagonalization [12], the size of this matrix
grows as N ! and its construction is combinatorially in-
volved, typically reducing exact theoretical results to the
few-body limit of N . 6.
In this Letter, we claim that the spin chain model as-
sociated with 1D strongly repulsive fermionic mixtures
has a natural interpretation in terms of spectral graph
theory. More precisely, we show that the matrix intro-
duced in [12, 13] can be seen as the Laplacian matrix V
of a graph defined from the symmetric group SN , i.e.
the permutation group of {1, . . . , N}. The spectrum of
V , which has been intensively studied by mathematicians
[7, 8, 11, 26, 27], is related to the Tan contact, a central
and experimentally accessible quantity in quantum gases
[29–34]. Within this mathematical framework, we derive
general theoretical results, independent of N and of the
external confinement. First, given a mixture, we show
how V is decomposed according to the irreducible repre-
sentations (irreps) of SN , which characterize its spatial
symmetry. Then we prove that the Tan contact is larger
for more spatially symmetric states, in a sense that we
will define precisely — a fact that has been numerically
observed for 6 particle mixtures confined in a harmonic
potential [15]. This constitutes a self-contained proof of
a generalization of the celebrated Lieb-Mattis theorem,
which has important consequences in the theory of mag-
netism [13]. Moreover, generalizing the result of Bacher
[8], we partially elucidate the spectrum, by providing a
computational method with polynomial complexity for
the eigenvalues associated with certain types of symme-
try classes. In particular, in the case where there are as
many particles as fermionic components, we are able to
efficiently compute the spectral gap, whose characteriza-
tion is fundamental in the context of quantum adiabatic
computing [36]. In the Supplementary Material (SM), we
recall concepts of graph theory and of the representation
theory of SN , detail our proof of the generalized Lieb-
Mattis theorem, and discuss the experimental aspects.
Model and quantities of interest.—We consider a 1D
system of N particles divided in κ fermionic components
(e.g. spin orientations) with populations given by the
partition ν ≡ (N1, . . . , Nκ) of N , i.e. such that N1 ≥
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2FIG. 1. Graph X(S(2,2) ⊂ S4, Sc) associated with a mixture
(2, 2) of two spin up and two spin down. The vertices are
labelled by the snippets, and an edge by the nearest-neighbour
exchange constant αk (c.f. Eq. (6)) if it connects two vertices
that are equal up to a transposition in positions (k, k + 1).
The V (2,2) matrix defined in Eq. (5) of the main text is then
the Laplacian matrix of X(S(2,2) ⊂ S4, Sc).
. . . ≥ Nκ > 0 and N1 + · · · + Nκ = N . We suppose
that it is SU(κ)-symmetric, so that all the particles have
the same mass m, interact via the same δ-type potential
with interaction strength g1d, and are submitted to the
same confining potential Vext(x), which can be arbitrary.
It can be described by the following Hamiltonian:
Hˆ =
N∑
j=1
(
− ~
2
2m
∂2
∂x2j
+ Vext(xj)
)
+g1d
∑
i<j
δ(xi−xj) (1)
where xj is the coordinate of particle j and we sup-
pose that the N1 first particles belong to component 1,
etc. Such a model has been realized experimentally using
a harmonic potential to confine 173Yb ultracold atoms,
whose ground-state’s purely nuclear spin (I = 5/2) guar-
antees the absence of spin flip collisions and SU(κ) sym-
metry with κ ∈ {2, . . . , 6} [20]. In the following, we will
consider the strongly repulsive limit g1d → +∞, which
can be achieved by mean of a confinement-induced reso-
nance [37]. In the formal 1/g1d = 0 regime, the system is
said to be fermionized: it has the same spectrum as the
spinless N -particle fermionic system, with a totally anti-
symmetric Slater determinant ψA of one-particle orbitals
as a wavefunction. However, its permutational symmetry
is a priori different. Following [12, 13] and generalizing
Girardeau’s Bose-Fermi mapping [38], we write the wave-
function ψ of the system in the Bethe ansatz-like form
ψ =
∑
P∈SN
aP θ(xP1 < · · · < xPN ) ψA(x1, . . . , xN ), (2)
where P (1, . . . , N) = (P1, . . . , PN), θ(x1 < · · · < xN ) is
equal to 1 if x1 < · · · < xN and 0 otherwise, and the vec-
tor (aP ) ∈ RN ! totally encodes the permutational sym-
metry of the state. For a given mixture ν = (N1, . . . , Nκ)
the Pauli principle reduces the number of different coeffi-
cients to Dν = N !/(N1!N2! · · ·Nκ!). The Dν-dimensional
vector space of classes of sectors that are equivalent up to
a permutation of identical particles is called the snippet
space [39]. Noting that the system is no longer degener-
ate in the vicinity of the 1/g1d = 0 point, one can write
a first-order expansion of the energy in 1/g1d:
E(1/g1d) = EA −Kν [(aP )] /g1d + o(1/g1d), (3)
where EA is an eigenenergy of the non-interacting
Hamiltonian associated with ψA and the energy slope
Kν [(aP )] = − limg1d→∞ ∂E∂g−11d = g
2
1d
∂E
∂g1d
is a functional
of (aP ). This quantity is equivalent to the so-called
Tan’s contact, a pivotal and experimentally accessible
quantity in δ-interacting systems that governs the large
p behaviour of the momentum distribution n(p) [29–
34]. Then, it can be shown that the values of (aP ) and
Kν [(aP )] corresponding to the states belonging to the
same degenerate manifold can be found by solving the
following eigenvalue equation [12, 40]:
V ν~a = Kν~a, (4)
where ~a is the vector of the Dν independent aP coeffi-
cients and V ν is a Dν×Dν real symmetric matrix defined
in the snippet space by
V νPQ =
{ −αP,Q if P 6= Q∑
R 6=P αP,R if P = Q
. (5)
The so-called nearest-neighbour exchange constants αP,Q
are given by
αk =
∫
x1<···<xN
dx1 . . . dxN δ(xk − xk+1)
∣∣∣∣∂ψA∂xk
∣∣∣∣2 (6)
if P and Q are equal up to a transposition in positions
k and k + 1 with the particles in k and k + 1 belong-
ing to different components, and αP,Q = 0 otherwise.
Their values depend exclusively on Vext(x) and N , which
makes them experimentally tunable. Then, the ground
state corresponds to the vector ~amax associated with the
largest eigenvalue Kνmax of V
ν , and the other states are
given by the eigen-decomposition of V ν .
Connection with spectral graph theory.—In what fol-
lows, we will suppose that the reader is familiar with
basic notions of finite group and representation theories
(common references are [41–43]).
Given a finite group G and a generating subset S of G,
it is possible to associate a graph X(G,S) called a Cay-
ley graph, where each vertex of X(G,S) is labelled by
the elements of G and such that two vertices (g, g′) are
connected by an edge if and only if there is s ∈ S such
that g′ = sg. If we assign a weight ws > 0 to each s ∈ S,
the graph X(G,S) is weighted [4]. If we also consider a
subgroup H of G, one can associate with G, H and S
a so-called Schreier graph X(H ⊂ G,S), whose vertices
are indexed by the left cosets gH and with the edges
given by (gH, sgH) where g ∈ G, s ∈ S and gH 6= sgH
[10]. These graphs are an essential tool in combinatorial
and geometric group theory [2]. Then, our connection
can be established as follows: given a fermionic mixture
3defined by a partition ν ≡ (N1, . . . , Nκ) of N , the V ν
matrix defined in Eq. (5) is equal to the Laplacian ma-
trix of the weighted Schreier graph X(Sν ⊂ SN , SC).
Here, Sν = S
ν
N1
× · · · × SνNκ is the Young subgroup
associated with ν, with SνNi the set of permutations
P ∈ SN such that P (i) = i if i does not belong to
{N1 + · · ·+Ni−1 + 1, . . . , N1 + · · ·+Ni−1 +Ni} [47]; and
SC ≡ {(1, 2), (2, 3), . . . , (N − 1, N)} is the set of nearest-
neighbour transpositions, where each (k, k + 1) ∈ SC is
associated with a weight αk as defined in Eq. (6). An
illustration in the case of a mixture of two spin up and
two spin down is given in Fig. 1, and all the non-trivial
graphs X(Sν ⊂ S5, Sc) in the case of N = 5 particles
are displayed in Fig. 2. Interestingly, this correspondence
provides an interpretation of the Laplacian matrix V ν as
the generator of a random walk, namely a Markov chain
known as an interchange process, or a random shuffle
[3, 27]: The particles can be seen as a deck of N cards,
and, at rate 1, two adjacent cards (k, k + 1) are selected
with a probability given by αk and exchanged.
General structure of the spectrum.—Considering two
Schreier graphs X(H ⊂ G,S) and X(K ⊂ G,S) such
that K ⊂ H, one can show that the latter is a covering
graph of the former, and therefore the Laplacian spec-
trum σ (X(H ⊂ G,S)) is contained in σ (X(K ⊂ G,S))
[8, 26]. In our situation, for example, the fact that
S(2,1,1,1) ∼= S2 ⊂ S3 ∼= S(3,1,1) implies that the graph
in Fig. 2d is a covering of the one in Fig. 2c, and that
σ
(
V (3,1,1)
) ⊂ σ (V (2,1,1,1)). More generally, at fixed N ,
σ (V ν) ⊂ σ (V (1,1,...,1)) for every partition ν of N . Then,
we note that V (1,1,...,1), corresponding to the case where
there are as many particles as components, can be ex-
pressed in terms of the left regular representation ρ of
the group algebra C [SN ] as [8]:
V (1,1,...,1) = ρ
(
N−1∑
k=1
αk
(
eId − e(k,k+1)
))
, (7)
with eP the basis element of C [SN ] corresponding to
P ∈ SN . Indeed, in this case, each vertex of the Cay-
ley graph X(SN , SC) ∼= X(S(1,1,...,1)N ⊂ SN , SC) cor-
responds to a permutation P ∈ SN , and therefore its
Laplacian matrix can be seen a linear map on C [SN ].
Recalling that ρ ∼= ⊕ρµ∈IR(dim ρµ)ρµ with IR the set of
all the irreps of SN labelled by the partitions µ of N , we
get that σ
(
V (1,1,...,1)
)
is naturally decomposed as
⋃
ρµ∈IR
{
d− λ : λ ∈ σ
(
ρµ
(
N−1∑
k=1
αke(k,k+1)
))}
, (8)
where d =
∑N−1
k=1 αk. For an arbitrary mixture ν, in or-
der to determine which subset of Eq. (8) σ (V ν) is, the
key observation is that each vertex of X(Sν ⊂ SN , SC),
or snippet, corresponds uniquely to a tabloid of shape
ν (c.f. SM). Therefore, V ν can be seen as a linear map
(a) ν = (4, 1) (b) ν = (3, 2)
(c) ν = (3, 1, 1) (d) ν = (2, 1, 1, 1)
(e) ν = (1, 1, 1, 1, 1)
FIG. 2. Schreier graphs X(Sν ⊂ S5, Sc) corresponding to
the partitions ν of N = 5 (the one-component case ν = (5)
is trivial). In the case (e) where there are as many compo-
nents as particles, the corresponding Cayley graph X(S5, Sc)
is called a permutohedron [48].
on the permutation module Mν . Then, Young’s rule im-
plies that σ (V ν) is given by Eq. (8), where ρµ is now
taken over the elements of IR such that µ D ν, D be-
ing the dominance order: [µ1, . . . , µr] D [ν1, . . . , νr] if
µ1 + · · · + µk ≥ ν1 + · · · + νk for all k [9]. This can be
understood as a consequence of the Pauli principle: the
only compatible exchange symmetries are the ones that
respect the anti-symmetry among fermions belonging to
the same component. Indeed, each irrep ρµ corresponds
to a symmetry class [µ], which is the conjugate to the
one of ψ (since ψA is antisymmetric, c.f. Eq. (2)).
Symmetry ordering.—Denote by K
[µ]
max the maximum
eigenvalue of V (1,1,...,1) belonging to the symmetry class
[µ]. From our previous discussion, we see that K
[µ]
max ∈
σ (V µ) (since µ D µ) and thus that K [µ]max ≤ Kµmax. In
fact, using the fact that the graph X(Sν ⊂ SN , SC) is
bipartite, one can always construct an eigenvector with
eigenvalue Kµmax that belongs to the symmetry class [µ],
so that K
[µ]
max = Kµmax (details in SM). Therefore, we
4have shown that
µ D µ′ =⇒ K [µ]max ≤ K [µ
′]
max. (9)
This fact has been numerically [14, 15] and experimen-
tally [20] observed. It can be interpreted as a generalized
Lieb-Mattis theorem [13], c.f. Eq. (3), which is salient
in the context of quantum magnetism. Intuitively, the
ground state is as spatially symmetric as possible and its
total spin is minimized.
Peculiar eigenvalues and spectral gap.—From ba-
sic properties of the Laplacian matrix, we see that
0 ∈ σ (V ν) for every mixture ν. Moreover, the
fact that X(SN , SC) is bipartite and d-regular implies
that K
(1,1,...,1)
max = 2d, and more generally that K ∈
σ
(
V (1,1,...,1)
)
if and only if 2d − K ∈ σ (V (1,1,...,1)) [2].
The simple eigenvalues 0 and 2d are associated with the
trivial [N ] and sign [1, 1, . . . , 1] irreps, respectively.
In [8], Bacher has studied σ (X(SN , SC)) in the un-
weighted case where αk = 1 for all k, obtaining in partic-
ular an expression for the spectral gap, which is deeply
related to the geometrical properties of X(SN , SC) [5, 6].
His argument is based on a mapping between this graph
and the cartesian product of r path graphs X(S(N−1,1) ⊂
SN , SC) (c.f. Fig. 2a).
We now proceed to generalize his result to the weighted
case. Let σ
(
V (N−1,N)
)
= {0 < λ2 < λ3 < · · · < λN},
where V (N−1,N) is given by the Laplacian matrix of the
weighted path graph:
α1 −α1
−α1 α1 + α2 −α2
. . .
. . .
. . .
−αN−2 αN−1 + αN−2 −αN−1
−αN−1 αN−1
 . (10)
Then, σ
(
V (1,1,...,1)
)
contains the following eigenvalue
K =
r∑
i=1
λni , (11)
with 1≤n1< n2< · · ·< nr≤N−1. Such an eigenvalue is
associated with the symmetry class [N − r, 1, . . . , 1], with
a multiplicity of
(
N−1
r
)
. Most importantly, the spectral
gap of σ
(
V (1,1,...,1)
)
is given by
K2 = 2d−KN !−1 = λ2, (12)
where KN !−1 is the second largest eigenvalue of
σ
(
V (1,1,...,1)
)
. This quantity can be related to the en-
ergy gap of the system through Eq. (3). A good char-
acterization of this gap is crucial in the context of adia-
batic quantum computing, but is a complex problem [36].
Thus, our method constitutes a huge speed up, since it
is sufficient to compute the lowest non-zero eigenvalue
of the N × N matrix V (N−1,N) defined in Eq. (10) (see
[53] for an O(N logN) method), instead of the whole
FIG. 3. (color online). Spectral gaps K2 as a function of the
number of particles N , in log-log scale, in the cases of a box
trap (squares), harmonic (circles), and quartic (diamonds)
potentials. Values for the αk coefficients (Eq. (6)) come re-
spectively from [54], [55] and the CONAN software [56]. Our
approach allows us to drastically reduce the complexity of
the problem: For N = 30, dimV (1,1,...,1) = 30! ≈ 1033 while
dimV (29,1) = 30.
V (1,1,...,1) matrix, of size N ! × N !. In the case of a box
potential of size L, we can use the exact expression of
α1 = · · · = αN−1 [54] and obtain:
Kbox2 =
pi2N(N + 1)(2N + 1)
6L3
(
2− 2 cos pi
N
)
. (13)
Quite surprisingly, we observe that in this case the spec-
tral gap behaves as Kbox2 ∼ pi4N/(3L) in the large N
limit, and is thus an increasing function of the num-
ber of particles. As illustrated in Fig. 3, this scaling
behaviour is in net contrast with the cases of a harmonic
potential, where K2 is a decreasing function of N , or
a quartic potential, where K2 is almost constant. In-
tuitively, we observe that the spectral gap is larger for
more confining potentials, i.e. potentials Vext(x) that
grow faster when x approaches infinity. Thus, strongly
confined 1D SU(N) systems may become promising can-
didates for quantum adiabatic computing, allowing: (i)
Complex encoding due to the large number of spins, (ii)
An adiabatic tuning of the exchange constants of the ef-
fective spin chain through the external potential, (iii)
A well-controlled energy gap that can be computed ef-
ficiently with our method.
Conclusions.—Interpreting the spin chain model asso-
ciated with strongly repulsive 1D fermionic mixture in
terms of spectral graph theory, we have derived general
results about the symmetry structure of the spectrum,
and explicit results that drastically reduces the complex-
ity of the problem for a large class of symmetries. We
believe this approach is the most universal for this kind
of strongly correlated systems, which are central in the
context of quantum magnetism and quantum computing,
5and hope this work will stimulate further mathematical
and theoretical investigations. For instance, one could
combine this mathematical framework with random ma-
trix theory in order to study the subtle interplay between
disorder and interactions, by considering the graphs we
have introduced in this work with a random choice of
weights αk accounting for the presence of a random ex-
ternal potential [57]. Besides, we expect that this connec-
tion could also enable one to apply results derived from
quantum integrable system theory [58] to the seemingly
unrelated mathematical theory of Cayley graphs.
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7SUPPLEMENTAL MATERIAL
I. BASIC NOTIONS OF GRAPH THEORY
Here we recall a few basic definitions of graph theory [1]. A graph is a pair G = (V, E) where V is a set of vertices
and E is a set of edges that are elements of V ×V. We say that G is undirected when (i, j) ∈ E if and only if (j, i) ∈ E .
The degree deg(v) of a vertex v is the number of vertices that are connected by an edge, or adjacent, to v. A weighted
graph is a graph G where each edge e ∈ E is associated with a positive real number we — the unweighted case
corresponding to we = 1 for all e. In this case deg(v) is the sum of the weights of the edges between v and its adjacent
vertices. A graph is said to be regular when all his vertices have the same degree. It is said to be bipartite when V
can be divided into two disjoint sets V1 and V2 such that each edge connects an element of V1 with an element of V2.
If all the vertices of V1 (resp. V2) have the same degree x (resp. y), the graph is said to be (x, y)-biregular. A graph
G1 = (V1, E1) is a covering graph of G2 = (V2, E2) if there is a surjective map f : V1 → V2 such that, for each v ∈ V1,
the restriction of f to a neighbourhood of v is a bijection onto a neighbourhood of f(v).
Given a graph G = (V, E), one can canonically associate a set of |V|× |V| matrices, |V| being the number of vertices,
whose spectra can be related to the structural properties of the graph [2]. The adjacency matrix AG of G is such that
entry Aij is equal to 1 (or w(i,j) if the graph is weighted) if vertex “i” is adjacent to vertex “j” and 0 otherwise. The
degree matrix DG is simply the diagonal matrix whose diagonal entries are given by the degree of the corresponding
vertex. The Laplacian matrix is then defined by
∆G = DG −AG . (S.1)
This matrix can be seen as a discrete version of the (negative) continuous Laplacian operator, hence the name. It can
also be interpreted as the generator of a random walk on V [3].
Let us now enunciate some basic properties of the Laplacian matrix. It is easy to see that, for an undirected graph,
G, ∆G is symmetric and therefore it can be diagonalized in an orthonormal basis and has a real spectrum σ (∆G) ⊂ R.
Moreover, the fact that all the diagonal entries of ∆G are positive and that each diagonal entry is equal to the sum
of the absolute values of the non-diagonal entries in that row imply that σ (∆G) ⊂ R+. Furthermore, since every row
sum and column sum is zero, the vector u = (1, 1, . . . , 1) ∈ R|V| always satisfies ∆Gu = 0, and thus 0 ∈ σ (∆G). Noting
that if G has m connected components [4], ∆G is a block-diagonal matrix with m blocks, we see that the multiplicity
of 0 is equal to m. In particular, for a connected graph, σ (∆G) can be written:
0 = λ1 < λ2 ≤ · · · ≤ λ|V|. (S.2)
Many bounds have been obtained on these eigenvalues, and in particular on λ|V| and on the spectral gap λ2, which
can be related to geometrical properties of G (see e.g. [5] or [6]). For example, one has [7]
λ|V| ≤ max{deg(u) + deg(v); (u, v) ∈ E}, (S.3)
with equality if and only if G is biregular (in the case of a connected graph).
Finally, one can get the spectrum of graphs obtained by operations on other graphs with a known spectrum [7].
For example, given two graphs G1 = (V1, E1) and G2 = (V2, E2), we can define the Cartesian product G1 × G2 with
vertices in V1 ×V2 and such that there is an edge between (a, b) and (a′, b′) if either (a, a′) ∈ E1 or (b, b′) ∈ E2. Then,
writing σ (∆G1) = (λi)1≤i≤k and σ (∆G2) = (µi)1≤i≤l, one has
σ (∆G1×G2) = (λi + µj)1≤i≤k,1≤j≤l. (S.4)
This formula is crucial in Bacher’s proof for the unweighted version of Eq. (11) of the main text [8].
II. REPRESENTATION THEORY OF SN
In what follows we describe the construction of the set IR of irreducible representation (irreps) of the symmetric
group SN (see e.g. [9]).
The set IR is in bijection with the conjugacy classes of SN , which are characterized by a given structure for their
decomposition in disjoint cyclic permutations. Thus, there is a one-to-one correspondence between IR and the set of
partitions of N . A convenient way of representing a partition [10] µ = [µ1, . . . , µr] of N is through a Young diagram,
8a left-justified set of boxes with r rows, where each row i ∈ {1, . . . , r} contains µi boxes. For example, an irrep of S8
is characterized by the partition [4, 3, 1], or equivalently by the following Young diagram:
Y[4,3,1] ≡ . (S.5)
[4, 3, 1] is called the shape of Y[4,3,1], and we denote the corresponding (class of) irrep(s) by ρ[4,3,1]. The conjugate of
a Young diagram of shape µ = [µ1, . . . , µr] is the diagram with columns of lengths µ1, . . . , µr. E.g. the conjugate of
the previous example is
Y[3,2,2,1] ≡ . (S.6)
The set of Young diagrams is partially ordered by the so-called dominance order D, such that µ ≡ [µ1, . . . , µr] D
ν ≡ [ν1, . . . , νr] (where the last terms of one of the partitions may be equal to zero) if and only if
µ1 + · · ·+ µk ≥ ν1 + · · ·+ νk for all 1 ≤ k ≤ r. (S.7)
For example, one has
D . (S.8)
Intuitively, it means that one can go from the left diagram to the right one by moving a certain number of boxes from
upper rows to lower rows. Note that it is not a total order when N > 5. For instance, it is not possible to compare
and . (S.9)
Let us be a little more precise on how an irrep can be constructed from a Young diagram. A Young tableau is a
Young diagram whose boxes are labelled by integers. Two tableaux of same shape µ are said to be row-equivalent if
they are equal up to permutations of the rows. For example,
8 4 5 1
3 7 2
6
and
1 8 5 4
7 3 2
6
(S.10)
are row-equivalent. This defines equivalence classes on the set of µ-tableaux that are called tabloids. For the previous
example, it is represented as
1 4 5 8
2 3 7
6
. (S.11)
Note that each permutation of a fermionic mixture, or snippet, can be regarded as a tabloid with rows of lengths
N1, . . . , Nκ and with entries of row i corresponding to the positions of the particle of type i. For example, if we
consider an 8-particle mixture with 4 particles of type a, 3 particles of type b and 1 of type c, the tabloid given in
Eq. (S.11) corresponds to the following snippet:
1 4 5 8
2 3 7
6
↔ abbaacba. (S.12)
9We now define the permutation module as the C-vector space Mµ whose basis is indexed by the set of µ-tabloids.
Note that its dimension is Dµ, as defined in the main text. Note also that M
[1,1,...,1] is in bijection with C [SN ],
the group algebra of SN , whose basis (eP )P∈SN is indexed by the elements of SN and such that eP · eQ = ePQ.
Associated with C[SN ] is the (left) regular representation ρ of SN : writing a vector in C[SN ] as u =
∑
Q∈SN uQeQ
with uQ ∈ C, and given P ∈ SN , the linear map ρ(P ) is defined by
ρ(P ) · u = ePu =
∑
Q∈SN
uQePQ =
∑
Q∈SN
uP−1QeQ, (S.13)
which can be linearly extended on C[SN ] by writing ρ
(∑
Q∈SN uQeQ
)
≡∑Q∈SN uQρ(Q). Similarly, one can identify
any permutation module Mµ with a representation of SN by considering the natural action of SN on the vector space
Mµ.
Then, for a given µ-tableau T , one can associate the following element of Mµ:
ET =
∑
P∈CT
(P ){P (T )}, (S.14)
where CT is the subgroup of permutations preserving all columns of T , (P ) is the sign of the permutation P , and {T}
is the tabloid corresponding to T . ET is called a polytabloid. Then, the Specht module Sµ is defined as the subspace
of Mµ generated by the elements ET when T runs through all the µ-tableaux. It can be shown that the basis of S
µ
is given by the elements ET when T runs though all the standard Young tableaux of shape µ, that is the tableaux
whose entries are increasing from left to right along the rows and up to down along the columns. In particular, its
dimension is given by the number of standard Young tableaux, which can be easily obtained from the so-called hook
length formula. Furthermore, the so-called Young’s rule states that the permutation module Mµ can be decomposed
in the following way:
Mµ ∼=
⊕
µ′Dµ
kµ′µS
µ′ , (S.15)
where kµ′µ are positive integers.
Here again, Sµ can be seen as a representations of SN . Then, it can be shown that the set of all the Specht
modules Sµ is, in fact, IR. Note that when taking µ = [1, 1, . . . , 1], Eq. (S.15) implies in particular that the regular
representation is a sum of all the irreps. In this case, the kµ′[1,1,...,1] numbers are given by the dimensions of the
Sµ
′
= ρµ′ irreps. Intuitively, keeping in mind Eq. (S.14), an irrep ρµ can be seen as symmetrizing the rows and
anti-symmetrizing the columns of the µ-tableaux.
III. GENERALIZED LIEB-MATTIS THEOREM — A DETAILED PROOF OF K
[µ]
max = K
µ
max
Denoting by K
[µ]
max the maximum eigenvalue of V (1,1,...,1) corresponding to the symmetry class [µ], and by Kµmax
the maximum eigenvalue of V µ, we have shown in the main text that K
[µ]
max ∈ σ (V µ), and then we claimed that in
fact
K [µ]max = K
µ
max. (S.16)
In order to prove this assertion, let us first observe that the graphs X(Sµ ⊂ SN , Sc) are bipartite. This is
immediately clear for the Cayley graph X(SN , Sc), where the vertices associated with P ∈ SN are separated between
the ones corresponding to (P ) = 1 and the ones corresponding to (P ) = −1. In the general case of a Schreier
graph, the vertices are the left cosets PSµ, or equivalently the set of tabloids. With each PSµ, we can associate the
representative P ∈ PSµ such that the indices corresponding to particles belonging to a same component are displayed
in increasing order. For example, the representative of the tabloid displayed in Eq. (S.12) corresponds to
abbaacba ↔ 15623874, (S.17)
with particles 1, 2, 3, 4 of type a, 5, 6, 7 of type b, and 8 of type c. Defining the sign of PSµ by sign(PSµ) ≡ (P ), we
see that the vertices of X(Sµ ⊂ SN , Sc) are also separated between the positive and the negative ones.
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Given a mixture µ, we consider an eigenvector a of V µ with eigenvalue Kµmax. Then, we can define a vector a˜ such
that, for every component i ∈ {1, . . . , Dµ} corresponding to some coset PiSµ:
a˜i = sign(PiSµ)|ai|. (S.18)
Seeing a as an element of the permutation module Mµ, we deduce from the definition of sign(PSµ) that a˜ is an
element of the Specht module Sµ, i.e. that the corresponding state belongs to the symmetry class of type [µ]. Hence,
V µa˜ = K
[µ]
maxa˜. Moreover, since V µ is a real symmetric matrix, we can write a˜ as a sum of orthogonal eigenvectors
a˜j with eigenvalues Kj . Therefore, we have
‖a˜‖2 =
∑
j
∥∥a˜j∥∥2 = ‖a‖2 (S.19)
and
‖V µa‖2 = (Kµmax)2 ‖a‖2 ≤
∑
j
(Kj)2
∥∥a˜j∥∥2 = ‖V µa˜‖2 . (S.20)
Since Kµmax is the maximum eigenvalue of V
µ, we deduce Eq. (S.16).
In fact, we can prove that, in generic cases, the only vectors with maximum eigenvalue Kµmax belong to the symmetry
class [µ]. This can be seen as a consequence of a general theorem [11], which states that, for a given weighted graph,
the spectrum of its Laplacian matrix is simple for generic choices of weights [12]. In our situation, this means that a
small random perturbation of the external potential Vext(x) will lead to a spectrum σ (V
µ) that contains no accidental
degeneracies between different symmetry classes — although it usually does contain degeneracies associated with kµ′µ,
which denote the number of time the irrep Sµ
′
appears in the decomposition of the permutation module Mµ according
to Young’s rule (cf Eq. (S.15)).
Using the decomposition of the spectrum according to the irreps of SN as described in the main text, Eq. (S.16)
implies that
µ D µ′ =⇒ K [µ]max ≤ K [µ
′]
max. (S.21)
Writing E
[µ]
0 (1/g1d) = EA−K [µ]max/g1d the energy of the corresponding ground state with symmetry [µ] in the strongly
repulsive limit, we thus have:
µ D µ′ =⇒ E[µ]0 (1/g1d) ≥ E[µ
′]
0 (1/g1d) (g1d  1). (S.22)
This is a generalized version of the Lieb-Mattis theorem, which has important consequences in the theory of magnetism
[13]. Intuitively, the ground-state wavefunction “wants” to be as symmetric as possible. For spin-1/2 particles (κ = 2
case), this means that the total spin of the system is minimized, and thus that the ground-state is unmagnetized.
Eq. (S.21) has been checked for several few-body systems [14, 15]. Our approach provides a rigorous and general
proof.
Note that Eq. (S.16) provides a way to compare ground-state energies E
[µ]
0 (1/g1d), E
[µ′]
0 (1/g1d) when µ and µ
′ are
not comparable according to the dominance order. It is indeed sufficient to compare the spectral radii Kµmax and
Kµ
′
max of the real symmetric matrices V
µ and V µ
′
(resp.), which can be obtained effectively, e.g. using the Lanczos
algorithm [16].
IV. PROPOSED EXPERIMENTAL IMPLEMENTATION
The model of strongly-correlated one-dimensional spinor gases can be realized in the laboratory by working with
group-II atoms like strontium and ytterbium. These atoms in their singlet ground state only have nuclear spin
components, therefore they exhibit SU(κ) symmetry [17–20]. To prepare a specific number of atoms N , one can
use optical tweezers to prepare one atom per tweezer in the collisional blockade regime [21], and use acousto-optical
modulators [22], spatial light modulators [23], or microlens arrays [24] to scale up to a desired number of tweezers.
Alternatively, one can use a quantum gas microscope to determine the number of atoms loaded into isolated chains
[25, 26]. To obtain a specific superposition of spins, one can coherently address different spin states using clock
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transitions with long-lived coherence times. Having prepared the atom number and quantum states, these atoms can
then be loaded into an overall 1D potential while the tweezer or lattice potentials separating the individual atoms are
turned off. A harmonic 1D potential can be created by interfering red-detuned lattice beams in two dimensions. A
confinement-induced resonance, where the transverse confinement length is tuned to match the scattering length, can
be used to reach the strongly repulsive regime g1d →∞ [27]. To vary αk, one can change the external 1D potential.
For example, instead of a harmonic potential, a box potential can be created with the help of steep repulsive walls
formed from blue-detuned light shaped by spatial light modulators [28] or other diffractive optics [29].
The contact K can be determined from a range of experimental methods, including Bragg spectroscopy [30, 31], RF
spectroscopy [32–35], RF Ramsey interferometry [36], and photoassociation experiments [37, 38]. Of these, measuring
the molecular fraction from photoassociation is likely to be one of the most sensitive methods [39] in the limit of
one atom per spin component, where N = κ. Beyond the ground state, the contact for the first excited state KN !−1
will become accessible as the temperature of the ultracold atoms increases. In particular, our graph theory analysis
predicts the difference between the maximum contact Kmax and the second largest contact KN !−1 where N = κ to
be the same as K2 for the case of N − 1 particles in spin down and one particle in spin up. Such symmetry allows us
to gain insight on spectral gaps in the latter case, especially for highly excited many-body states that are otherwise
experimentally challenging to access.
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